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FRÉDÉRIC FAURE
Abstrat. We onsider periodi quantum Hamiltonians on the torus phase
spae (Harper-like Hamiltonians). We alulate the topologial Chern index
whih haraterizes eah spetral band in the generi ase. This alulation
is made by a semi-lassial approah with use of quasi-modes. As a result,
the Chern index is equal to the homotopy of the path of these quasi-modes
on phase spae as the Floquet parameter θ of the band is varied. It is quite
interesting that the Chern indies, dened as topologial quantum numbers,
an be expressed from simple properties of the lassial trajetories.
P.A.C.S. number: 03.65.Sq, 73.50.Jt, 73.40.Hm, 73.20.Dx. key words: semi-
lassial analysis, tunneling eet, topologial numbers, Harper models.
1. Introdution
Topologial quantum numbers are dierent from quantum numbers based on
symmetry beause they are insensitive to the imperfetions of the systems in whih
they are observed. In some sense, topologial properties are robust properties.
Topologial quantum numbers have beome very important in reent years in on-
densed matter physis, where measurements of voltage and eletrial resistane an
be onveniently expressed in terms of them.
If you onsider for example a simple model of non-interating eletrons moving
in a two-dimensional bi-periodi potential V (x, y) subjet to a strong uniform per-
pendiular magneti eld Bz and a low eletrial eld Ex, the Hall ondutivity σxy
of a given lled Landau eletroni band turns out to be proportional to an integer
C [1℄:
σxy =
e2
h
C(1)
C is the Chern index of the band, desribing the topology of its ber bundle stru-
ture [2℄[3℄[4℄[5℄[6℄.
We investigate in this paper the value of C as a funtion of the potential V . In the
limit of high magneti eld Bz, the above model is mapped onto the well-known
Harper model: the potential V is onsidered as a perturbation of the ylotron
motion, and the averaging method of mehanis gives an eetive Hamiltonian equal
to the average of V on the ylotron irles. We neglet the oupling between the
Landau bands [7℄. For a high magneti eld, (hene for a small ylotron radius,)
this transformation gives an eetive Hamiltonian Heff (q, p) ∼ V (q, p), whih is
bi-periodi in position and momentum (the phase spae is a 2D torus), and an
eetive Plank onstant heff = hc/(eB). In this approximation, trajetories are
the ontours of Heff ∼ V . Furthermore, the expression of heff shows that the high
magneti eld regime orresponds to the semi-lassial limit. This model will be
the starting point of our study in the next setion. For the sake of simpliity, we
will denote ~eff by ~ in the sequel.
We will restrit ourself to the ase where 1/h = N is an integer (but this is not
a strong restrition as disussed in setion 3.1). The spetrum of these Harper-like
models has then a nite band struture. To eah band n = 1 → N is assoiated a
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topologial Chern index Cn. In this paper, we alulate all these Chern indies in
the semi-lassial limit N →∞, for a generi Hamiltonian H(q, p) on the torus.
The way we ompute these topologial indies is the following. First, we use the
fat that the lassial dynamis generated by H is integrable, to onstrut quasi-
modes (the usual WKB onstrution) in setion 4. An eigen-funtion |ϕn(θ1, θ2) >
of Hˆ in band n, depends on two quantal parameters related to the periodiity
onditions of the wave funtion on the torus. A quasi-mode |ψ˜n(θ1, θ2) > is a
quantum state loalized on a trajetory whih is very lose to |ϕn(θ1, θ2) > in the
semi-lassial limit N →∞,[8℄[9℄ (exept when tunneling eet ours).
Beause of tunneling eet, the eigen-funtion |ϕn(θ1, θ2) > jumps from one
quasi-mode to another one as (θ1, θ2) are varying and follows a losed path on
the torus. By treating orretly this tunneling eets when it ours, we obtain a
good approximation of the bundle of eigen-funtions |ϕn(θ1, θ2) > by quasi modes
|ψ˜n(θ1, θ2) >, for every value of (θ1, θ2). This gives us the prinipal result of this
paper: the Chern index Cn is equal to the homotopy number In of this path, on the
torus, see eq.(22). We obtain the Chern indies for the whole range of the spetrum,
and show that the non-ontratible trajetories play a major role.
This result is based on properties presented in the appendix B spei for the
omputation of the Chern indies. The analytial methods we use rest on properties
of zeros of the Bargmann representation (divisors of a holomorphi setion). This
appendix is self-ontained, and general results presented here ould be useful for
other purposes where topologial Chern indies are involved.
There is a onstraint on the global spetrum [6℄[10℄[5℄, that
∑
n Cn = +1. In
setion 5, we give an explanation of this in terms of lassial trajetories. It is shown
that the non-ontratible trajetories on the torus are responsible of this fat. This
non-trivial total Chern number is ruial for explanation of the Hall ondutivity
[1℄. A natural question is then to determine whih bands n have a non zero Chern
index Cn in the generi ase? We answer this question in setion 7, where we explain
how to ompute the Chern indies of the whole spetrum, from the lassial Reeb
graph.
Our approah is quite similar to Thouless et al.'s one [1℄ where they treated
Hǫ(q, p) = cos(kq) + ǫcos(p). The dierene is that they treated Hǫ within a
perturbation approximation (with respet to ǫ≪ 1), whereas we use a semi-lassial
approah. This enables us to treat any generi Hamiltonian H , and to desribe new
examples with non trivial Cn, dierent from the Thouless et al.'s one.
Our results extend previous work of the author [11℄,[12℄, where the Chern indies
were alulated for a restrited range of the spetrum where the lassial energy
level ΣE = {(q, p)/H(q, p) = E} onsists in two or three ontratible trajetories.
In these ases, it was shown that Cn is zero exept for speial ongurations of the
trajetories.
We give a numerial illustration of these results in setion 6. It is shown that
our results, although derived in the semi-lassial limit N → ∞, are also valid for
quite small N . This illustrates the robustness of the topologial properties. This
numerial example is also used throughout the paper to onrm our alulations.
In setion 8, we omplete this work by giving a new (but equivalent) derivation
of the interpretation of the Chern index C for ondutivity, more intuitive than the
usual one based on the Kubo formula [1℄: we show here that C is equal to the mean
veloity of a wave paket on the torus, when (θ1, θ2) move adiabatially.
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2. Classial trajetories of a generi Hamiltonian
A generi lassial Hamiltonian on the torus is a generi C∞ Morse funtion
H(q, p) periodi in q ∈ IR and p ∈ IR, suh that
H(q + 1, p) = H(q, p+ 1) = H(q, p).(2)
In this setion we investigate the topologial properties of the trajetories of H , and
introdue the Reeb graph [13℄, whih summarizes them. The aim of this paper is
to point out the rules that give the Chern indies from the Reeb graph.
A trajetory q(t), p(t) is a solution of the Hamilton equations of motion:
∂tq = ∂pH(q, p),
∂tp = −∂qH(q, p).
The trajetories q(t), p(t) evolve on the plane IR2, but beause of periodiity,
they an be onsidered as trajetories on the torus Tqp, obtained by identifying the
opposite sides of the ell [0, 1]× [0, 1].
2.1. Properties on trajetories. Beause of onservation of energy: d(H(q(t), p(t)))/dt =
0, eah trajetory is inluded in an energy level ΣE = {(q, p)/H(q, p) = E} of the
Morse funtion H . Moreover, the veloity on suh a trajetory is never zero, exept
when there is a ritial point of H where dH = 0.
We an easily obtain properties on the topology of
∑
E :
1. For non ritial value of E, ΣE is a losed one dimensional urve, and eah
trajetory an be identied with a onneted omponent of ΣE . Therefore,
eah trajetory is a periodi orbit, an oriented losed urve on the torus Tqp.
Its topology (homology) is haraterized by two integers (n1, n2)ǫZ
2
whih are
the degrees in the q and p diretions of q(t), p(t) for t = 0 → T where T is
the period. (n1, n2) are relatively primes, exept if n1 = 0 (or n2 = 0) in
whih ase n2 = −1, 0 or +1. A ontratible trajetory has homology type
n1 = n2 = 0 and is lokwise or anti-lokwise.
2. A generi Hamiltonian has always non ontratible losed trajetories with
type (n1, n2) 6= (0, 0). In this ase, every other losed trajetory is one of the
three types (n1, n2), (−n1,−n2) or (0, 0), and eah of these three types exists.
(Example: onsider a perturbation of H(q, p) = cos(n2q − n1p)).
3. For non ritial value of E, eah trajetory belongs loally to a family param-
eterized by the energy E suh that every trajetory has the same type. (The
ritial trajetories are bifurations between these families).
For a given generi Hamiltonian, by a good hoie of the lattie generators on the
plane (q, p), it is possible to deal with trajetories of types (0, 0) (0,+1) and (0,−1)
only. We will adopt this hoie in the sequel of this paper.
Now onerning the ritial points and the ritial trajetories :
1. There are three sorts of ritial points: a loal minimum, a saddle point or a
loal maximum. From Euler formula ([14℄ p.29) we have#(mins)+#(maxs)−
#(saddles) = 0 (The Euler harateristi of the torus is 0).
2.2. Example. We will give now an example in order to illustrate these statements.
This example will be used throughout the paper.
Consider the following Hamiltonian:
H(q, p) = H0(q, p) +H1(q, p),(3)
H0(q, p) = cos(2πq) + 0.1 cos(2πp),
H1(q, p) = P
[
exp
(−100(q − q0)2 − 10(p− p0)2)] ,
4 FRÉDÉRIC FAURE
where P is a funtional operator whih sums the funtion in eah ell and makes it
periodi:
P [f(q, p)] =
∑
i,j
f(q + i, p+ j).
The trajetories generated by H are shown on the gure 1, for q0 = 0.45, p0 =
0.45. There are one minimum F, two maxima A,D, and three saddle points B,C,E.
A
p
q
F
C
D
EB
Figure 1. Trajetories and xed points of Hamiltonian (3).
The gure 2 gives a shemati view of the families of trajetories, with their
bifurations, and homology types. It is alled a Reeb graph R [13℄. By denition,
it is the topologial quotient spaeR = Tqp/F where F = {ΣE}E is the set of energy
levels. The topology of this graph gives the relative loation of the trajetories (the
q variable here is only to indiate that the dashed line an be obtained by a setion
at onstant p in gure 1).
E
q0
A
B
C
D
E
F
(0,0)
(0,0)
(0,0)
(0,+1)
(0,-1)
1
Figure 2. Reeb graph of H : a shemati view of the Trajetories
types and bifurations of Hamiltonian (3). Eah point of the dashed
line orresponds to a non ontratible trajetory. They form a one-
dimensional family. Eah point of a solid line orresponds to a
ontratible trajetory.
The Reeb graph an be done for any given generi Hamiltonian. This gure will
always have a similar appareny, with one transverse (dashed) line (from q = 0
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to q = 1) orresponding to the non ontratible trajetories, and branhes from it
(solid lines), orresponding to ontratible trajetories. Critial energies are at the
extremities of these branhes. The nal value of the Chern indies will be read more
or less diretly from this graph in setion 7.
3. The Quantum Hamiltonian
In this setion we introdue well known material that will be useful for the sequel.
3.1. The Hilbert spae HP of the plane . The Hilbert spae orresponding to
the lassial motion in the plane phase spae T ∗(IR) ∼= IR2 is
HP = L2(IR),
(the index P will remind us that we deal with the plane phase-spae).
We hoose a symmetri quantization proedure: to the lassial Hamiltonian
H(q, p) we assoiate a self-adjoint operator Hˆ in HP by
Hˆ =
∑
n1,n2∈Z2
1
2
cn1,n2 exp (i2πn1qˆ) exp (i2πn2pˆ) + hermitian onjugate.
Where cn1n2 are the Fourier omponents of the funtion H(q, p):
H(q, p) =
∑
n1,n2∈Z2
cn1,n2 exp(i2πn1q) exp(i2πn2p).(4)
Sine H is a real valued funtion, the omplex oeients cn1n2 must satisfy:
cn1,n2 = c¯−n1,−n2 ∈ IC, (n1, n2) ∈ ZZ2.
We denote by TˆQ[respetively TˆP ℄ the translation operator by one period: TˆQ
translates by Q = 1 a wave funtion ψ(x) and TˆP translates its Fourier transform
ψˆ(p) by P = 1:
TˆQψ(x) = ψ(x− 1)(5)
TˆP ψˆ(p) = ψˆ(p− 1).(6)
We may rewrite equations (5) and (6) as:
TˆQ = exp(−ipˆ/~), TˆP = exp(iqˆ/~).
Quantum mehanially speaking, the periodiity Eq. (2) reads:
[Hˆ, TˆQ] = [Hˆ, TˆP ] = 0.(7)
To ontinue, we now have to assume that
[TˆQ, TˆP ] = 0.(8)
It is easy to prove that:
TˆQTˆP = e
−i/~TˆP TˆQ,
hene (8) is fullled if and only if there exists an integer N suh that:
N =
1
h
∈ IN∗.(9)
with h = 2π~. This hypothesis (9) an be regarded as a geometri quantization
ondition, whih states that there is an integer number of Plank ells in the phase
spae. The semi-lassial limit ~→ 0 orresponds then to the limit N → +∞.
We now assume that hypothesis (9) is fullled.
Note that hypothesis is not so restritive, beause any value of h an be well
approximated by a rational number h = m/N . It is then easy to hek that
[TˆmQ, TˆP ] = 0. In this ase we just have then to onsider the torus phase spae
[0,mQ[×|0, P [ instead of [0, Q[×|0, P [.
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3.2. The Hilbert spae HT (θ1, θ2) for the torus. Aording to the ommutation
relations (7) and (8), the Hilbert spae L2(IR) may be deomposed as a diret sum
of the eigen-spaes of the translation operators TˆQ and TˆP :
HP = L2(IR) =
∫ ∫
HT (θ1, θ2) dθ1dθ2
(2π)2
(10)
HT (θ1, θ2) =
{
|ψ > suh that
{
TˆQ|ψ >= exp(iθ1)|ψ >
TˆP |ψ >= exp(iθ2)|ψ >
}
,
with (θ1, θ2) ∈ [0, 2π[2 related to the periodiity of the wave funtion under trans-
lations by an elementary ell. The spae of the parameters (θ1, θ2) has also the
topology of a torus, and will be denoted by Tθ.
The spae HT (θ1, θ2) is not a subspae of L2(IR), the spae of physial states, it
is a spae of distributions in the x representation.
It is well known that HT (θ1, θ2) is nite dimensional [1℄. To see that, let |ψ >∈
HT (θ1, θ2). The Fourier transform of ψ(x) is θ2-Floquet-periodi of period P , so
ψ(x) is disrete, it is a sum of Dira distributions supported at points distant from
h = 1/N from eah other. Moreover, ψ(x) is θ1-periodi, hene ψ is haraterized
by the N oeients at the N Dira distributions supporting points in the interval
q ∈ [0, 1[.
Expliitly, a basis of HT (~θ) is given by N distribution denoted |j, ~θ >:
|j, ~θ >≡ ψj,~θ(x) =
1√
N
∑
n1∈Z
exp (−in1θ1) δ(x− qj − n1), j = 1, . . . , N
with qj =
1
N
(
j +
θ2
2π
)
.
Eventually we get:
dimIC HT (θ1, θ2) = N.
Beause of Eq.(7) the Hamiltonian Hˆ is blok-diagonal with respet to the de-
omposition Eq.(10). The operator Hˆ ats on HT (θ1, θ2) as a N × N hermitian
matrix, its spetrum σ(θ1, θ2) is made of N eigenvalues and N orresponding eigen-
funtions:
Hˆ |ϕn(θ1, θ2) >= En(θ1, θ2)|ϕn(θ1, θ2) >, n = 1, . . . , N.(11)
For a given level n, assuming that En(θ1, θ2) is never degenerate ∀θ, the energy
level En(θ1, θ2) forms a band as (θ1, θ2) ∈ Tθ are varying, and the eigenvetors
|ψn(θ1, θ2) > form a 2D surfae in the quantum states spae. But for a xed
(θ1, θ2), and any λ ∈ IC, λ|ψn(θ1, θ2) > is also an eigenvetor. So for a xed level
n, the family of eigenvetors form a omplex-line-bundle (of ber ∼= IC ∋ λ ) in
the projetive spae of the bundle HT → Tθ. The topology of this line bundle is
haraterized by an integer Cn ∈ ZZ, alled the Chern index ([15℄, hap 1, p.139).
The denition of this topologial Chern index is presented in setion 5.1.
3.3. The Hilbert spae HC(θ2) for the ylinder. In the sequel it will be useful
to onsider an intermediate deomposition of HP in terms of states periodi in
momentum only:
HP = L2(IR) =
∫
HC(θ2)dθ2
2π
HC(θ2) =
{
|ψ > suh that TˆP |ψ >= exp(iθ2)|ψ >
}
.
Eah state in HC(θ2) is a sum of Dira distributions supported at points qn =
1
N
(
n+ θ22π
)
with n ∈ ZZ . The weights belongs to l2(ZZ).
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Conversely:
HC(θ2) =
∫
HT (θ1, θ2)dθ1.
For eah θ2, the Hilbert spae HC(θ2)is assoiated with the ylinder phase spae
denoted Cqp, where (q, p) ∈ IR2 is identied with (q, p+ 1).
From a state |ψP >∈ HP = L2(IR) of the plane, we an onstrut a state
|ψC >∈ HC(θ2) of the ylinder by the operation:
|ψC(θ2) >= Pθ2 |ψP >=
+∞∑
n=−∞
exp(−inθ2)T nP |ψP > .(12)
From a state |ψC >∈ HC(θ2) of the ylinder, we an onstrut a state |ψT (θ1, θ2) >∈
HT (θ1, θ2) of the torus by the operation:
|ψT (θ1, θ2) >= Pθ1 |ψC(θ2) >=
+∞∑
n=−∞
exp(−inθ1)T nQ|ψC(θ2) > .(13)
4. The quasi modes
4.1. Constrution of a quasi-mode. The W.K.B. method allows the onstru-
tion of a quasi-modes for integrable dynamis. See [8℄, Lazutkin [9℄ p. 235.
First, we reall the denition and general properties of quasi-modes.
Denition 1. If Γ is a given losed trajetory with energy E, a quasi-mode with
error ǫ, is a quantum state |ψ˜ > loalized near Γ, whih satises:∥∥∥Hˆ |ψ˜ > −E˜|ψ˜ >∥∥∥ = ǫ = o(h∞),
with h = 1/N going to zero, with (E − E˜) = o(h). The trajetory Γ is alled the
support of |ψ˜ > and noted
Γ = Supp(|ψ˜ >).
If we want to improve this error ǫ (and have an error exponentially small with
respet to h), we have to take into aount tunneling eet between Γ, and Γ′ the
losest trajetory Γ′ whih has the same energy E. ([16℄,[17℄,[18℄). We will ome
bak on this point.
Proposition 1. [9℄
The interval [E˜ − ǫ, E˜ + ǫ] ontains at least one eigenvalue of Hˆ.
Let ∆α = [E˜ − α, E˜ + α]. If ∆α ontains only one eigen-value E∗, with eigen-
vetor |ϕ >, then (for normalized vetors)
∃β ∈ R,
∥∥∥|ϕ > −eiβ|ψ˜ >∥∥∥ ≤ ǫ
α
,(14)
onsequently, < ϕ|ψ˜ > 6= 0 as soon as ǫ ≤ α√2 (for our purpose, we will say in that
ase, that |ψ˜ > is a good approximation of |ϕ >. This ondition will be suient
to onstrut a bundle of quasi-modes with the same topology, same Chern index).
Let us now give properties of quasi-modes spei to our problem. The expliit
onstrution of the quasi-modes an be found in [19℄[20℄[21℄.
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Γ
p
q0 1
1
Figure 3. Quasi-mode loalized on a trajetory Γ of type (0, 0)
in ell (0, 0).
Contratible trajetories of type (0, 0). For a non ritial ontratible trajetory Γ
of type (0, 0), we rst onstrut a quasi-mode on the plane, |ψ˜P >∈ HP . From the
usual W.K.B onstrution, this quasi mode is loalized on a single image of Γ, for
example in the ell (0, 0). See gure 3.
The energy E˜ of this quasi-mode is given by the usual E.B.K. ondition:
S(E˜) = (k + 1/2)h+ o(h) , k ∈ ZZ,
with S(E˜) the surfae inlosed in the trajetory Γ.
A quasi-mode |ψ˜C(θ2) > on the ylinder an be dedued by eq.(12). A quasi-
mode |ψ˜T (θ1, θ2) > on the torus an be onstruted by eq.(13). Note that the
energy of these quasi-modes E˜ doesn't depend on (θ1, θ2).
Non ontratible trajetories of type (0,±1). If Γ is a non ritial trajetory with
type ~n = (0,±1), Γ is losed on the ylinder Cqp and a quasi-mode |ψ˜C(θ2) >∈
HC(θ2) an be onstruted for every θ2.
|ψ˜C(θ2) > is loalized on Γ, for example in ell 0, see gure 4.
Γ
q0 1
1
p
Figure 4. Quasi-mode loalized on a trajetory Γ of type (0,+1),
in ell (0) on the ylinder.
The energy E˜ of this quasi-mode is given by the ondition:
S(E˜) = (k − θ2/2π)h+ o(h), k ∈ ZZ,(15)
where S(E˜) is the surfae inluded in the unit ell, on the right of the trajetory
Γ (here oriented by inreasing p). We justify this ondition in the next paragraph.
Note that the energy E˜(θ2) as well as the support Γ(θ2) depend ontinuously on
θ2.
A quasi mode |ψ˜T (θ1, θ2) > on the torus an be dedued from |ψ˜C(θ2) >by
eq.(13).
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For ontratible and non ontratible trajetories, an other quasi-mode with the
same energy an be onstruted in the ell n by
|ψ˜C,n(θ2) >= T nQ|ψ˜C(θ2) > .(16)
From the W.K.B. onstrution, the error ǫ of these quasi-modes is of order o(h∞).
The error ǫ is due to tunneling interation with the nearest quasi-mode of nearby
energy (see the next setion).
Critial trajetories. If E0 is a ritial energy, quasi modes of energy near E0 (in the
interval [E0 ±O(h)]) and loalized near the ritial trajetory, an be onstruted.
See [22℄[23℄[24℄.
Justiation of quantization rule eq.15. When onstruting a WKB quasi-mode on
a losed trajetory, the quantization rule omes from the phase mathing. The
phase of the Fourier transform of the quasi-mode evolves like (− ∫ qdp) along the
trajetory q(t), p(t). For a trajetory Γ of type (0,±1), the phase aumulated over
a period is then ϕ = S/~ = − ∫
Γ
qdp/~, where S is the surfae on the right of
the trajetory Γ (oriented by inreasing value of p). The periodiity ondition (10)
requires that ϕ = θ2 [2π]. This gives the result (15).
4.2. The semi-lassial spetrum without tunneling orretions. We now
investigate the global properties of the quasi-modes, with respet to θ2.
Consider xed values of (θ1, θ2) ∈ Tθ. A W.K.B. onstrution as previously
desribed, gives us N quasi-modes |ψ˜T (θ1, θ2) >n with energies E˜n(θ1, θ2) over the
whole energy range, with n = 1 → N . This is a semi-lassial approximation
σsc(θ1, θ2) of the spetrum σ(θ1, θ2) dened by eq.(11). In fat the onstrution
was made on HC(θ2) and does not depend on θ1, so we will note it σsc(θ2). (For
ontratible trajetories, it does not even depend on θ2).
From the above onstrution, eah quasi-mode |ψ˜C(θ2) > depends ontinuously
on θ2. So eah quasi-mode belongs to a funtion Ψ : θ2 → |ψ˜C(θ2) >∈ HC(θ2)
whih is periodi with respet to θ2 (up to a phase), with a period Θ2 = 2πm,
with m ∈ N . (Otherwise, if the funtion Ψ were not periodi, the spetrum σsc(θ2)
would be innite for a xed value of θ2). The orresponding energy E˜(θ2) and the
support Γ(θ2) are therefore also periodi with the same periods.
If the trajetory Γ is ontratible (type (0, 0)), the energy E˜ and the support Γ
are xed. They do not depend on θ2, and the period is Θ2 = 2π.
For a non ontratible and non ritial trajetory (type (0,±1)), eq.(15) tells that
the surfae θ2 → S(θ2) on the right of Γ is a stritly dereasing funtion beause
dS/dθ2 = −h/2π. Then θ2 → Γ(θ2) moves from the left to the right on the set
of non ontratible trajetories on the ylinder Cqp. This funtion reahes all the
non ontratible trajetories, and jumps over a onneted omponent of ontratible
trajetories, via a ritial point . See gure 5.
The surfae S(θ2) is always a dereasing funtion, but the orresponding energy
E(θ2) dereases for trajetories of type (0,+1) and inreases for type (0,−1), with
the behavior shown on gure 2, if we plot E(θ2) for θ2 = 0→ 2πm. Figure 6 shows
this funtion E(θ2) but folded in the interval θ2 = 0→ 2π.
So we obtain:
Proposition 2.
The global spetrum θ2 → σsc(θ2) is the union of one single funtion Ψnc : θ2 →
|ψ˜nc(θ2) >∈ HC(θ2), and many others (Ψc)i=1,..,Nc : θ2 → |ψ˜c(θ2) >∈ HC(θ2) suh
that
The support Γnc of Ψnc is on the non ontratible trajetories. The period of Ψnc
is Θ2 = 2π.Nnc, suh that Nnc.h ∼ Snc the surfae oupied by the non-ontratible
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(0,+1)
q
1
p
(0,-1)(0,0)
Figure 5. The dashed arrows indiate the motion of the support
of a quasi mode, θ2 → Γ(θ2), over all non ontratible trajetories,
as θ2 inreases.
2
E
θ2
0 2pi
non contractible trajectories
critical trajectory
(0,-1)
(0,+1)
contractible trajectories (0,0)
θ*
Figure 6. The energy of the quasi-modes as a funtion of θ2.
trajetories. In phase spae, this support θ2 → Γnc(θ2) is a losed yle of homotopy
1 on the ylinder Cqp.
The support Γc of eah funtion (Ψc)i is on a xed ontratible trajetory. Its
period is Θ2 = 2π. The number Nc of these funtions is suh that Nc.h ∼ Sc
the surfae oupied by the ontratible trajetories. Note that N = Nc + Nnc and
1 = Snc + Sc.
We now disuss the error of the spetrum σsc(θ2).
The error of eah quasi-mode is ǫ ∼ o(h∞). There are rossings in the spe-
trum σsc(θ2) for disrete values θ
∗
2 , (aused by the non ontratible funtion when
E˜nc(θ2) = E˜nc(θ
′
2) or E˜nc(θ2) = E˜c(θ
′
2)), see gure 6. For xed θ2, away from a
small neighborhood of every rossing value θ∗2 , the spetrum σsc(θ2) has N disrete
eigenvalues and eah eigen-value is isolated from the overs by an interval of length
α≫ ǫ. We dedue from properties 1 that the orresponding quasi-modes |ψ˜n(θ2) >
(in fat their image in HT by the mapping Pθ2), are a good approximation of the
atual eigenvetors |ϕn(θ1, θ2) >, for any θ1.
Let us remark that this semi-lassial spetrum σsc(θ2) does not depend on θ1 and
is thus innitely degenerate. This orrespond to the invariane by the translation
(16). This is not the ase in the atual spetrum σ(θ1, θ2) beause of tunneling
eet.
Figure 9 shows the numerial spetrum of our exampleH(q, p), eq.(3). From this,
we dedue what the semi-lassial spetrum should look like: g (10). Compare this
with the semi-lassial spetrum gure 6.
σsc(θ2) is not a good approximation of the atual spetrum near the rossing
values θ∗2 . To improve that, in the next setion, we will take into aount the
tunneling eet at eah rossing of energy. It auses a splitting of levels and we will
reover N well dened bands of energy.
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4.3. The semi-lassial spetrum with tunneling orretions. Consider a
neighborhood U of a value θ∗2 , where there is a rossing in the spetrum σsc(θ2)
between two energies: E˜1(θ
∗
2) = E˜2(θ
∗
2). See gure 6. As said before, this rossing
is aused two non ontratible trajetories when E˜nc(θ2) = E˜nc(θ
′
2) or by one non
ontratible trajetory and one ontratible one: E˜nc(θ2) = E˜c. The rossing due
to two ontratible trajetories E˜c1 = E˜c2 is not onsidered here, beause it does
not our for a generi Hamiltonian H . See [11℄[12℄ for results treating this non
generi ase. From eq.(16), these energies orrespond to two families of quasi-modes:
|ψ˜1C,n1 >, |ψ˜2C,n2 >∈ HC(θ2) where n1 ∈ ZZ , n2 ∈ ZZ. We suppose that these
quasi-modes are loalized respetively on two trajetories Γ1 and Γ2, in ells n1 and
n2.
To improve the error ǫ of the quasi-mode say |ψ˜1C,n1 >, we have to take into
aount the tunneling interations with other quasi-modes whih have nearby en-
ergy |ψ˜jC,m >with j = 1, 2 and m ∈ ZZ . See gure 7. This tunneling interation
omes from non vanishing terms Aj,m =< ψ˜1C,n1 |Hˆ |ψ˜jC,m >. We will treat the
tunneling eet at the leading order, by keeping only the dominant term. Consider
rst the terms A2,n2 with j = 2, and n2 ∈ ZZ. We keep the n2 term with greatest
modulus: |A2,n2 |. This term is o(h∞) and desribe the tunneling interation be-
tween |ψ˜1C,n1 >and the nearest quasi-mode |ψ˜2C,n2 >. See gure 7. It is lear
that the nearest quasi-mode is n2 = n1 or n2 = n1 ± 1, beause other values of
n2 are in more distant ells. The other terms are o(h
∞) with respet to leading
order term. Consider now the terms A1,m with j = 1, and m ∈ ZZ. The dominant
term is for m = n1: A1,n1 =< ψ˜1C,n1 |Hˆ |ψ˜1C,n1 >= E˜1(θ2). This is the energy of
the quasi-mode. The others terms, whih desribe tunneling interation between
|ψ˜1C,n1 > and its images |ψ˜1C,m > in other ells, are o(h∞) with respet to |A2,n2 |
and so negligible.
2 Γ2Γ2 Γ
1
q
Γ1
p
|ψ1  > |ψ2  > |ψ2  >|ψ2  >
n  -1 n n n  +11 1 1
Figure 7. Tunneling eet between quasi-mode |ψ1n1 > on tra-
jetory Γ1, in ell n1, and quasi-modes |ψ2n2 >. We keep only the
dominant tunneling interation, here due to |ψ2n1 >.
We have obtained that the dominant orretion to the quasi-modes |ψ˜1C,n1 > is
desribed by the 2× 2 tunneling interation matrix:
A(θ2) =
(
< ψ˜iC,n1 |Hˆ|ψ˜jC,n2 >
)
i,j
=
(
E˜1(θ2) A2,n2(θ2)
A2,n2(θ2) E˜2(θ2)
)
,
where |ψ˜2C,n2 > is the nearest quasi-mode to |ψ˜1C,n1 >, n2 = n1 or n2 = n1 ± 1,
and |A2,n2 | is o(h∞).
By diagonalizing the matrix A, we obtain two quasi-modes |ψ˜C+(θ2) > and
|ψ˜C−(θ2) >∈ HC(θ2) expressed as a linear superposition of |ψ˜1C,n1 >and |ψ˜2C,n2 >,
and two energies E+(θ2) > E−(θ2) with a gap |E˜+(θ2) − E˜−(θ2)| ≥ |A2,n2 | . But
the error of the quasi-modes is o(h∞) with respet to this gap. From property (1),
we dedue that these quasi-modes |ψ˜C±(θ2) > (their image in HT atually) are a
good approximation of the eigenvetors |ϕi(θ1, θ2) >, for any θ1.
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Now if we math these results with the outside of the neighborhood U of θ∗2 , we
an obtain a ontinuous dependene of |ψ˜C(θ2) >with respet to θ2 ∈ IR.
Proposition 3. We have obtained quasi-modes |ψ˜C(θ2) > on the ylinder, whih
are a good approximation of the spetrum eq.(11) for any θ1, θ2 in the sense that :
< ϕn(θ1, θ2)|ψ˜T (θ1, θ2) > 6= 0 for every (θ1, θ2).(17)
We note this approximate spetrum by σsc,t(θ2) (the energies do not depend on
θ1).
There is no more rossing in the energy levels, so we have N well dened (semi-
lassial) bands and orresponding quasi-modes |ψ˜C,n(θ2) >, n = 1, .., N .
At eah avoided rossing, we have obtained that the support of a quasi-mode
jumps from the trajetory Γ1 in ell n1 (resp. Γ2 in n2) to the losest trajetory Γ2
in ell n2 = n1 or n2 = n1 ± 1 (respet. Γ1 in n1 ) as in gure 7.
More globally, for eah band n, we derived an funtion for the support of the
quasi-mode |ψ˜C,n(θ2) >on the ylinder Cqp:
SCn : θ2 ∈ R→ Supp (|ψC,n(θ2) >) ⊂ Cqp.(18)
The image ST,n of SC,n on the torus is periodi for θ2 = 0 → 2π, and SC,n
is a lifting of ST,n on the ylinder. With SC,n is assoiated a homotopi number
In ∈ ZZ. Preisely, In is given by:
T InQ [Supp (|ψC,n(0) >)] = [Supp (|ψC,n(2π) >)] .(19)
In is simply the result of the jumps of the quasi-mode from ell n1 to ell n1+ In
as θ2 = 0→ 2π.
5. Chern indies
5.1. Denition . The eigen-funtions |ϕn(θ1, θ2) > of the band n, eq.(11), form a
omplex line ber bundle over the torus (θ1, θ2) ∈ Tθ. On a ontratible subset of
U ⊂ Tθ we an hoose the states |ϕn(θ1, θ2) > suh that they are normalized and
that they form a (ontinuous) setion over U . Note that this is not possible over
the whole torus Tθ exept if the bundle is trivial.
The global topology of this omplex line bundle is haraterized by its Chern
index ([15℄ p. 139, [25℄).
Beause of the natural Hilbert salar produt on L2(IR) =
∫ ∫ HT (θ1, θ2) dθ1dθ2,
whih indues the Berry (or Chern) onnetion ([26℄, [2℄), this topologial number
is expliitly given by the integral of the Berry (or Chern) urvature ([1℄,[15℄ p. 141):
Cn =
i
2π
∫
Tθ
(< ∂θ1ϕn|∂θ2ϕn > − < ∂θ2ϕn|∂θ1ϕn >)dθ1dθ2,(20)
obtained by sum over loal open subsets Ui whih overed Tθ, and setions hosen
in eah of them.
This expression has been used intensively for our numerial alulations.
Moreover, it an be shown (see e.g. [10℄,[6℄) that:
N∑
n=1
Cn = 1.(21)
There is an alternative expression for Cn more suitable for our analytial alu-
lations, given in eq. (27), (see [15℄ p.141). It is based on the motion of the zeros of
the Bargmann representation of the states |ϕn(θ1, θ2) >.
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5.2. Chern indies of the semi-lassial bands. Our aim is to express the
index Cn from the desription of the lassial dynamis.
Beause of property (17), we dedue from theorem (1) page 22,that the band of
the semi-lassial spetrum σsc,t have the same topology (and same Chern indies)
as the atual energy bands.
Our work onsists now in omputing the index Cn of the semi-lassial band n.
From theorem (6) page 25, the result is simply that:
Cn = In,(22)
where In dened by eq. (19), is the homotopi number haraterizing the path
followed by the support of the quasi-mode on the ylinder, when θ2 is varying from
0 to 2π.
5.3. Global analysis of the Chern indies. In this setion we alulate the sum
of Chern indies for onseutive bands, in order to reover the result eq.(21) within
our semi-lassial approah.
For eah band n = 1→ N , we have dened the yle of the support ST,n on the
torus Tqp, eq.(18). The last result eq.(22), is that the Chern index Cn = I(Sn) is
the homotopy number of this yle (in the q diretion). (We will now drop the T
sux in Sn).
We deide to dene the sum of two or more onseutive yles Sn + Sn+1 +
...+ Sn+a by removing the jumping due to tunneling at the rossings between two
onseutive yles Si and Si+1. This is illustrated on gure 8. The homotopy is
then I(Sn + ... + Sn+a) = I(Sn) + ... + I(Sn+a), beause the removing is a loal
operation.
E
θ
2
S
Sn
n+1
Γ1 Γ1
E
θ
2
S
Sn
n+1
q
p
q
p
A)
B)
1
2
Γ Γ2 2
1
2
Figure 8. The tunneling eet generates a splitting between en-
ergy levels (A), and a jump of quasi-modes between trajetories
(B). In order to alulate the sum
∑N
n=1 Cn, we have to remove
this splitting, as well as this jump.
∑N
n=1 Sn is then the support of the semi-lassial spetrum σsc without tunneling,
and from proposition (2), it is omposed of one yle Γnc of homotopy 1 and many
onstant yles Γc,i of homotopy 0. This gives:
N∑
n=1
Cn =
N∑
n=1
I(Sn) = I
(
N∑
n=1
Sn
)
= +1.
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We reover eq. (21). The total Chern index (+1) is interpreted here as the motion
of the non ontratible quasi-mode on the torus as θ2 is varying (in aordane with
th.6, page 25).
6. Numerial illustration
We will illustrate the above results on the Hamiltonian eq.(3). The numerial
alulations of the Chern indies have been done with the urvature formula eq.(20).
For N = 11 levels, the Chern indies are:
C1→4 C5 C6 C7 C8→11
0 +1 −1 +1 0
Our analytial results have been obtained in theN →∞ limit. Although, N = 11
is not very high, the numerial results whih follow an well be interpreted in the
semi-lassial desription of this paper.
The minimum value of N required to get orret semi-lassial estimates, an be
evaluated in the following manner: the mesh provided by Plank ells of magnitude
1/N has to be about so ne that all phase spae strutures in a plot like gure 1
an be resolved.
Figure 9, shows the energy levels En(θ1, θ2) for n = 1→ 11, as a funtion of θ2.
The dependene on θ1 gives a width of the levels, but is very weak and not visible
on the gure.
2
θ
E
CA B
Figure 9. Energy levels En(θ1, θ2) for n = 1→ 11, of Hamilton-
ian eq.(3), as a funtion of θ2. There is no degeneray, but the small
splittings are not visible on the gure. Points A,B,C, orrespond
to the Husimi representations of gure 11.
In this energy spetrum, one an learly distinguish two ategories of energy
levels. These two ategories are reprodued on gure 10, where we have arti-
ially dropped the splittings. This gure orresponds to the semi-lassial spetrum
σsc(θ2).
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There are four energy levels (in solid line) whih do not depend strongly on θ2
and have periodiity 2π. In the light of prop. (2), these energy levels orrespond to
four quasi-modes |ψ˜c(θ2) > loalized on ontratible trajetories. There is also one
ontinuous energy level Enc(θ2) (in dashed line) whih depends on θ2 and have pe-
riodiity 2πm with m = 7. This energy level orresponds to quasi-modes |ψ˜nc(θ2) >
loalized on non-ontratible trajetories.
θ
C
E
0 2pi
A B
Figure 10. The semi-lassial spetrum σsc(θ2) obtained from
g.(9). The four solid lines orrespond to quasi-modes |ψ˜c(θ2) >
loalized on ontratible trajetories. The dashed line orresponds
to quasi-modes |ψ˜nc(θ2) > loalized on non-ontratible trajeto-
ries.
Figure 11, shows the Husimi representation (see appendix (A)) of eigenstates
|ϕn(θ1, θ2) > for the level n = 6, with θ1 = 0 , and three dierent values of θ2.
These three eigen-states orrespond to the points A,B,C on gures (9) and (10).
Looking at the lassial trajetories on g(1), one an learly assoiate these quasi-
modes respetively with the trajetories:
(A): with a ontratible trajetory (point D on g 1),
(B): a non-ontratible trajetory of type (0,+1),
(C): a non-ontratible trajetory of type (0,−1).
(C)
p
q
(B)(B)
(A)
(C)
(A)
Figure 11. The dark density are the Husimi representation of
eigenstates |ϕn(θ1, θ2) > for the band n = 6 (see gure 9), with
θ1 = 0 , and three dierent values of θ2. (A): θ2 = 0; (B):
θ2 = 2, 5, (C): θ2 = 4, 5. The dashed lines are the trajetories
where the quasi-modes will jump at the next rossing.
As θ2 varies from 0 to 2π, the quantum state |ϕ6(θ1, θ2) > of level n = 6 jumps.
From gure 9 and gure 10 it is evident that there are three (avoided) level rossings,
where the quasi-mode jumps:
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Now from gure 11, we an see that for the rst rossing from (A) to (B), the
quasi-mode stays in the same ell (∆n1 = 0). For the seond rossing from (B)
to (C) the quasi-mode hanges by ∆n1 = −1 ell. For the third rossing from
(C) to (A), the quasi-mode stays in the same ell (∆n1 = 0). This gives a total
hange of ∆n1 = −1 ell and a homotopy I6 = −1 for this sequene of quasi-modes.
Aordingly, we have C6 = I6 = −1. Our result eq.(22) is well veried here.
7. The Chern indies of the spetrum in a generi situation
From the above results, we give here the preise values of Chern indies for a
simple and generi Hamiltonian (i.e. stable under perturbations) orresponding to
the numerial example eq.(3) and explain how to read them from the Reeb graph
(g. 2).
To simplify the disussion, we suppose in this setion that we deal with a Hamil-
tonian H suh that the urve representing the non ontratible trajetories in the
Reeb graph, has only one maximum and minimum, like the dashed urve on g.
2. We suppose moreover that in the energy range of this urve, there is only one
family of ontratible trajetories, like the solid line (C-D) on g. 2.
In the range of energy of the non-ontratible trajetories, eah band of the
spetrum is made with one of the three following sequenes of quasi-modes, see
gure (12):
• The band is made with the two non ontratible trajetories of type (0,±1).
This gives the sequene: S = (+−).
• The band has also a quasi-mode on the ontratible trajetory (c). This gives
two possible sequenes: S = (c+−) or S = (c−+).
2pi0
E
(c - +)
θ
(+)(−)
2pi0
E
θ
2pi0
E
θ
(+)
(c)
(-) (c)
(+)(-)
(− +) (c + -)
Figure 12. The three possible band strutures (solid lines), made
with a non ontratible trajetory of type (0,±1) and a ontratible
trajetory (c). The dashed lines are the upper and lower bands.
To simplify the disussion, we exlude sequenes as (c+ c−) or (c− c+). (These
sequenes do not appear if the energy intervals between suessive energy levels of
ontratible quasi-modes are large enough).
It is lear from gure 12 that if the band n has the sequene Sn = (c+−), then
the band n+ 1 has neessary the sequene Sn+1 = (c − +), and onversely. These
sequenes ome always by pair.
To illustrate this from our numerial example, we an see on gure (9) and
gure (10), that the bands 3 to 9 have respetively the sequenes: S3 = (c + −),
S4 = (c−+) ,S5 = (+−) ,S6 = (c+−) ,S7 = (c−+) ,S8 = (+−), S9 = (+−).
Now we saw in prop. (3) that a non zero Chern index results from the jumping of
neighboring quasi-modes on the ylinder, via non ontratible trajetories. We saw
also that a given quasi-mode |ψ˜ > jumps by tunneling eet to the nearest quasi-
mode of the same energy loated on a non ontratible trajetory. It is therefore
important to determine in whih diretion (right or left) this jump ours: we have
to omplete the Reeb graph (g 2), by giving the diretion of the shortest jump
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between any two trajetory. For that purpose, it is suient to give the loation of
the separatrix between left-jumps and right-jumps.
On gure 13, we have reprodued the Reeb graph (the solid urve), and we have
drawn (dashed line and dotted line) the possible loation of this separatrix. The
eet of this separatrix (dashed line) is shown with the plot of the jumps from one
partiular quasi-mode |ψ˜ > to a non-ontratible trajetory of type (−1) at two
dierent energies, on both sides of the separatrix. The separatrix for the jump
from/to a non ontratible of type (+1) is in dotted line.
E1 is the energy where this separatrix rosses the non-ontratible trajetories
family. That the energy E1 is the same for the dashed and the dotted line omes
simply from the reiproity property of the tunneling geodesi.
What matters in fat is only the intersetion of this separatrix with the Reeb
graph. The piture 13 is qualitative here, but quantitative alulations of the tun-
neling eet would preise the energy of these intersetions.
2
R
|ψ>
(c)
~
~|ψ>
R
Ε
Ε
E
1
(+1)
0
(-1)
1 q
Figure 13. Example for the jumping of a quasi-mode |ψ˜ > to
the nearest non ontratible trajetory (of type (0,−1)). The solid
urve is the Reeb graph as in g. (2). The dotted and dashed lines
represent the separatrix for these attration basins.
Now, by ombining gures 13 and 12 together with rule eq.(22), it is easy to
ompute the Chern index of the three kind of bands. This is done on gure 14 for
the sequenes S5, S6, S8, and we infer the general result:
• If E1 is in the range of a band of type (+−) then its Chern index is C(+−) =
+1, otherwise C(+−) = 0.
• If the trajetory (c) is in the region R (of g. 13) then C(c+−) = −1 (respet.
+1), if the band has energy greater than E1 (respet. lower). In the other
regions, C(c+−) = 0.
• If the trajetory (c) is in the region R then C(c−+) = +1 (respet. −1), if
the band has energy greater than E1 (respet. lower). In the other regions,
C(c−+) = 0.
This allows us to interpret the Chern indies of our numerial example: the band
S5 = (+−) with C5 = +1 orresponds to the energy E1. Above it, the two bands
S6,S7 with Chern indies C6 = −1, C7 = +1 form a pair, thanks to the presene of
the ontratible trajetory (c) in region R.
As a general result, we onlude that for any hoie of Hamiltonian H with a
similar Reeb graph, there is a unique band in the middle of the spetrum, inluding
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(c)
2
B
A
B
C
R
R
8
C =0
5
C =+1
6
C =-1
Ε
Ε
E
1
0 1 q
Figure 14. From knowledge of the sequenes S5, S6, S8, their ho-
motopy and the Chern indies C5 = +1, C6 = −1 and C8 = 0 are
graphially omputed. C5 = +1 is assoiated with a band of energy
E1. Note that C6 = −1 is non zero thanks to the quasi-mode (A)
on the ontratible trajetory () in region R.
energy E1, with Chern index +1. Above this energy (for E1 < E < E2), the Chern
indies ome by pairs (−1,+1) , and under the energy E1, the Chern indies ome
by pairs (+1,−1).
Of ourse for another appearane of the Reeb graph, the rules ould be dierent.
In partiular, the Chern indies an reah higher values if the non-ontratible urve
of the Reeb graph has more than one maximum. We do not know if there a simple
and expliit expression of the Chern indies in the general ase.
8. Chern index and Hall ondutivity
It is well known [1℄ that the Chern index C of a band is related to the transverse
Integer Quantum Hall ondutivity σxy by the relation eq.(1). The usual demon-
stration of this formula starts from the Kubo linear response formula for σxy, and
expresses it as the urvature integral for C, eq.(20). In this setion we want to
demonstrate it from an other point of view, by relating C with the motion of a
wave paket on the plane Tqp. This result seems more intuitive.
Consider a given energy band n of the spetrum eq.(11). For eah (θ1, θ2) there
is one eigenvetor |ϕn(θ1, θ2) > dened up to a multipliative onstant. Suppose
that we have a C∞ funtion (θ1, θ2)→ |ψ(θ1, θ2) >∈ HT (θ1, θ2), where |ψ(θ1, θ2) >
is proportional to |ϕn(θ1, θ2) >, eq.(11). Note that if Cn 6= 0, this funtion must be
zero at some values of (θ1, θ2).
Consider now
|ψ >=
∫ ∫
dθ1dθ2|ψ(θ1, θ2) > .
Then |ψ >∈ HP = L2(IR). We an say that |ψ > is a state loalized on the
plane Tqp onstruted from the band n, like Wannier states in Solid State Physis.
(Conversely, given |Φ >∈ L2(IR), we an projet it on the spetral band n and
obtain suh |ψ >.)
The state |ψ > an be translated by (n1, n2) ells on the plane by:
|ψn1,n2 >= T n1Q T n2P |ψ >=
∫ ∫
dθ1dθ2e
in1θ1+in2θ2 |ψ(θ1, θ2) > .
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Conversely:
|ψ(θ1, θ2) >=
∑
n1,n2∈Z 2
e−in1θ1−in2θ2 |ψn1,n2 > .
These simple relations an be generalized by the following result:
Consider an other state onstruted from the band n:
|φ >=
∫ ∫
dθ1dθ2e
if(θ1,θ2)|ψ(θ1, θ2) >,(23)
where f is a ontinuous and periodi funtion suh that:
f(θ1 + 2π, θ2) = f(θ1, θ2) +N12π
f(θ1, θ2 + 2π) = f(θ1, θ2) +N22π,
(N1, N2 ∈ ZZ2 are topologial integers whih haraterized the homotopy of the
funtion f).
Let us dene:
< n1 >=
∑
n1,n2
n1. |< ψn1,n2 |φ >|2
< n2 >=
∑
n1,n2
n2. |< ψn1,n2 |φ >|2 ,
whih give the mean position of the state |φ >on the plane Tqp relatively to the
loalized states |ψn1,n2 >. It is easy to prove that:
< n1 >= N1
< n2 >= N2,
the mean position of |φ >is then quantized.
(This is a simple property of Fourier series: if g(θ) =
∑
n cne
inθ = eif(θ) is
periodi and f(2π) = f(0) + N2π then N =
∑
n n|cn|2. Another way to say it is:∑
n n|cn|2 =< g|pˆθ|g >= 12π
∫ 2π
0
f ′dθ = N , with the urrent operator pˆθ = 1i d/dθ.).
We now give some onsequenes of this result on the quantized mean position.
Now let us rst look at the time evolution of |ψ0,0 >:
|ψ(t) >= e−iHt/~|ψ0,0 >=
∫ ∫
dθ1dθ2e
−iE(θ1,θ2)t/~|ψ(θ1, θ2) > .
Comparing to eq.(23), the phase funtion is the dynamial phase f(θ1, θ2) = −E(θ1, θ2)t/~
of homotopy type N1 = N2 = 0 . (beause by ontinuous homotopy t → 0,
f is mapped to 0). This means that during its evolution, the quantum state
|ψ(t) >spreads over the plane, but its mean position < n1 >,< n2 > stays zero.
Let us suppose now that θ1, θ2 are no more good quantum numbers, and that
there is a slow drift. In the model of bi-dimensional eletrons of the introdution,
this drift is the adiabati motion due to the low eletrial eld Ex. Consider for
example:
θ1(t) = −ω1t
θ2(t) = θ2(0).
After one period T = 2π/ω1, the evolution gives
e−iHT/~|ψ(θ1, θ2) >= exp (iφD(θ1, θ2) + iφB(θ2)) |ψ(θ1, θ2) >,
where φD(θ1, θ2) is the dynamial phase of homotopy type N1 = N2 = 0 and
φB(θ1, θ2) is the Berry's phase of the path θ1(t) and doesn't depend on θ1 heneforth.
By homotopy deformation, φB(θ2) ≡ 2πCθ2 and is therefore of type N1 = 0, N2 =
C. This means that after one period T , the mean position of the quantum state
|ψ(t) >has been hanged by δ < n1 >= 0, δ < n2 >= C (in ells units).
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This quantized veloity V2 = δ < n2 > /T is responsible for the Integer Hall
ondutivity. Indeed, in the Harper Model [1℄ of non interating bi-dimensional
(x, y) eletrons in a bi-periodi potential of period (X,Y ), and a perpendiular high
magneti eld Bz , with a low eletrial eld along Ex, the adiabati hypothesis
gives:
θ1(t) = −eX
~
Ext.
We have obtained that the quantized veloity of one eletron quantum state is
Vy = (CY )/T . For a lled band, the eletroni density is one eletron per ell: ρ =
1/(XY ). The eletroni density urrent of a lled band is then jy = ρeVy =
e2
h C.Ex
whih leads to eq.(1).
9. Conlusion
By using quasi-modes, we have obtained a semi-lassial desription of band
eigen-states of a generi quantum Hamiltonian on the torus phase-spae. By using
general results exposed in the appendies, relating the topologial Chern index of
a band, with the loalization properties of the quantum states, we have been able
to express the Chern index of eah band in terms of the motion of the quasi-modes
on the lassial phase spae.
In setion 7, we have shown how the Chern indies of the whole spetrum an
be graphially omputed from the lassial Reeb graph. There is an interesting
question whih an be raised from our work: onversely, from a given sequene
(Cn)n of integers suh that
∑
n Cn = +1, the question would be to determine
the potential V (x, y) whose band spetrum possess this preise sequene of Chern
indies.
Currently one tries to observe experimental signatures of the Harper spetrum
(Landau level substrutures) in superlatties with periods of about 100 nm on GA-
As-AlGaAs heterojuntions ([27℄,[28℄). In these experiments, the Chern index gives
the quantum Hall ondutivity σxy. In this paper we have shown simple orre-
spondanes between the Chern index and the lassial trajetories of the eletrons.
This orrespondanes ould be observed in experiments by measuring the varia-
tions of the integer Hall ondutivity, in relation with the potential V (x, y) of the
supperlattie, whih may be reated by an external eletrostati grid.
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Appendix A. Bargmann and Husimi representation
In this appendix, we reall well known results on Bargmann and Husimi repre-
sentation on the torus phase spae ([19℄).
We have seen previously that the spae HT is not a subspae of L2(IR). For
funtions belonging to HT , it will be more useful to introdue a phase spae repre-
sentation of the quantum states, alled the Bargmann representation ([29℄).
Consider a quantum state |ψ >∈ L2(IR). In order to haraterize the loalization
of |ψ > in the phase spae near the point (q, p), we rst onstrut a Gaussian wave
paket |qp > (oherent state) dened in the x-representation by:
< x|qp >=
(
1
π~
)1/4
exp(
i
~
px) exp(− (x− q)
2
2~
).
The notation |qp > realls that the oherent state is loalized (in the semi-lassial
limit) at the point (q, p) of the phase spae.
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The Husimi distribution of a state |ψ > is dened over the phase spae by:
hψ(q, p) = | < qp|ψ > |2,
and for ϕ ∈ L2(IR), we have:∫
|ϕ(x)|2 dx =
∫ ∫
| < qp|ϕ > |2 dq dp
2π~
.(24)
To haraterize the funtions of L2(T ∗IR) whih are (q, p) representations of a
state, it is more onvenient to introdue a omplex representation of the phase spae
z = 1√
2~
(q + ip). Another (proportional) expression of the oherent state is then:
|z >= exp(za+)|0 >,
with |0 > being the fundamental of the harmoni osillator H0 = qˆ2 + pˆ2, and a+
being the assoiated reation operator. Indeed:
|qp >= exp(i qp
2~
− q
2 + p2
4~
)|z > .
The following anti-holomorphi funtion of z is alled the Bargmann distribution of
ψ:
bψ(z) =< z|ψ > .
Clearly, we have
hψ(q, p) = |bψ(z)|2 e−
q2+p2
2h ,
hene the zeroes of the funtion hψ(q, p) are those of the holomorphi funtion
bψ(z), whih are loalized zeroes in the phase spae. Moreover, (24) implies that
ψ ∈ L2(IR) if and only if bψ ∈ L2(IC, e−|z|2/h) and bψ is anti-holomorphi.
The same denitions an be applied for a state |ψ >∈ HT (θ1, θ2). The orre-
sponding Bargmann funtion is a theta-funtion [30℄ and the Husimi distribution is
bi-periodi in (q, p), hene is well dened on the torus Tqp.
We need the following properties onerning the Bargmann representation bψ(z) =<
z|ψ > of a quantum state |ψ > on the torus (|z > is a oherent state on the torus
[31℄:
If |ψ >∈ HT (θ1, θ2), the Bargmann funtion bψ(z) is (a theta-funtion) anti-
holomorphi with respet to z, and with N zeros Z = (z1 ,˙ . . . , zN) in the ell
[0, 1] × [0, 1]. These zeros are onstrained by ([30℄, this is Abel theorem, and
Jaobi inversion theorem, see [15℄ p.235):
N∑
i=1
qi =
θ2
2π
(25)
N∑
i=1
pi =
θ1
2π
.
with zi = qi + ipi. Conversely, suh a olletion of N zeros dene a state |ψ >∈
HT (θ1, θ2), unique up to a multipliative onstant.
Note that sine the N zeroes are onstrained to have a xed sum, we get the
right dimension N − 1 + 1 for the Hilbert spae HT (θ1, θ2).
Appendix B. Calulation of the Chern index in speial ases
For simpliity, we will note θ = (θ1, θ2) ∈ IR2.
We will ompute the Chern index of a line bundle in partiular ases. We will
always onsider a line sub-bundle of HT (θ) → Tθ. Suh a line bundle F is hara-
terized by giving loal setion θ → |ψi(θ) >∈ HT (θ) over open sets Ui whih over
Tθ.
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From appendix A, the line bundle F is also haraterized by the funtion θ →
Z(θ) , where Z(θ) is the set of N non-ordered zeroes of the Bargmann funtions
bψ(θ)(z).
B.1. Theorem on homotopy invariane.
Theorem 1. . Consider two omplex line bundles over Tθ with Chern index C and
C′ dened by loal setions |ψi(θ) >and |ψ′i(θ) >on open sets Ui. Suppose moreover
that
< ψi(θ)|ψ′i(θ) > 6= 0, ∀θ, ∀i,
then C = C′ .
Proof. We an suppose that the setions are normalized (< ψi(θ)|ψi(θ) >= 1). On
a set Ui, and for a given θ, dene:
ρi(θ) = |< ψi(θ)|ψ′i(θ) >| ≤ 1,
and for xed λ ∈ [0, 1]:
|ϕi,λ(θ) >= |ψi(θ) > . < ψi(θ)|ψ′i(θ) > +λ (|ψ′i(θ) > −|ψi(θ) >< ψi(θ)|ψ′i(θ) >) .
In the theorem, we suppose that ρi(θ) > 0. Thus
< ψ′i(θ)|ϕi,λ(θ) >= ρ2 + λ(1 − ρ2) > 0,
and then |ϕi,λ(θ) > 6= 0.
We now hek that the setions |ϕi,λ(θ) > dene a omplex line bundle Fλ. On
an other set Uj, if |ψj(θ) >= exp(iα) |˙ψi(θ) >and |ψ′j(θ) >= exp(iβ) |˙ψ′i(θ) > then
|ϕj,λ(θ) >= exp(iβ) |ϕi,λ(θ) > is in the same line than |ϕi,λ(θ) >.
We have thus obtain a homotopi deformation Fλ, λ ∈ [0, 1] between the line
bundle F0 and F1. They have thus the same Chern index C = Cλ = C
′
.
Theorem 2. More generally ([15℄,p. 141) if we suppose that
θ →< ψi(θ)|ψ′i(θ) >,
has zeros in θ∗ with index ι(θ∗) = ±1 ,then
C = C′ +
∑
zeros θ∗
ι(θ∗).(26)
B.2. The Chern index from the zeroes of the Bargmann funtion. Let F
be a line bundle as above.
• Suppose that there exists some point z0 ∈ Tqp of phase spae, suh that
∀θ ∈ Tθ, bψ(θ)(z0) 6= 0,
(equivalently, this means that z0 /∈ Z(θ), for all θ). Then we an selet a
vetor |ψ(θ) >∈ HN (θ) in eah ber suh that arg
(
bψ(θ)(z0)
)
= 0. This gives
a non-vanishing global setion of the bundle. This is also a global frame, hene
the bundle is trivial, and C = 0.
• More generally, dene
N(z0) = {θ ∈ Tθ / z0 ∈ Z(θ)} ,
then
C =
∑
θ∈N(z0)
(±1),(27)
where the sign ±1 orresponds to the loal orientation of the mapping zi at
θ, where Z = {z1, . . . , zN} and zi(θ) = z0. This an be dedued diretly from
eq.(26), with |ψ′ >= |z0 >.
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B.3. Example of a line bundle with a given Chern index C. We now on-
strut expliit examples of suh a bundle.
• Suppose that N ≥ 2. We dene a line bundle F0, by speifying the zeros of
the Bargmann representation of a setion, with the notations of eq.(25):
q1 =
θ2
2π
, p1 = 0(28)
q2 = 0, p2 =
θ1
2π
qi = 0, pi = 0 for 3 ≤ i ≤ N.
The onstraint eq.(25) is easily veried. If we hoose z0 = (q0 + ip0) with
q0 = p0 = 0.5, z0 /∈ Z(θ) and from eq. (27), we dedue that the bundle F0 is
trivial, with Chern index C = 0.
• More generally, onsider the bundle FC dened by
q1 = (1 − C) θ1
2π
, p1 = 0
q2 = C
θ2
2π
, p2 =
θ1
2π
qi = 0, pi = 0 for 3 ≤ i ≤ N.
The onstraint eq.25 is veried. We an apply eq. (27), to alulate the Chern
index C . The set N(z0) is given by
θ1 = π [2π], θ2 =
π
C
[2π/C],
and we obtain that the Chern index is C.
B.4. Chern index for a moving oherent state.
Theorem 3. Suppose N ≥ 2. Consider the line bundle Fz dened by the loal
setion |ψ(θ) >= |zθ >∈ HT (θ) with zθ = qθ + ipθ, and(
qθ
pθ
)
=
(
n11 n12
n21 n22
)(
θ1/2π
θ2/2π
)
,(29)
(This means that the oherent state |zθ > is moving over the ells as θ is varying.)
The Chern index of this bundle is then
C = N.
∣∣∣∣ n11 n12n21 n22
∣∣∣∣+ n21 + n12.(30)
Proof. Consider the line bundle F0 dened by the zeroes eq.(28), with loal setion
noted |ϕi(θ) > on eah open set Ui ⊂ Tθ. This bundle has C = 0 Chern index.
Consider the funtion
f : θ →< ϕi(θ)|zθ > .
From eq.(26), the Chern index C of the bundle Fz is
C =
∑
θ∗zeroes of f
ι(θ∗).
The zeroes of f are given by:
< ϕi(θ)|zθ >= 0 ⇔ zθ is a zero of the setion |ϕi(θ) >
⇔
{
qθ = qi
pθ = pi
, i = 1, . . . , N.
this gives{
n11
θ1
2π + n12
θ2
2π
n21
θ1
2π + n22
θ2
2π
=
{
θ2
2π
0
or =
{
0
θ1
2π
or =
{
0
0
for i = 3, . . . , N.
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We dedue from eq.(2) that
C =
∣∣∣∣ n11 n12 − 1n21 n22
∣∣∣∣+
∣∣∣∣ n11 n12n21 − 1 n22
∣∣∣∣+ (N − 2)
∣∣∣∣ n11 n12n21 n22
∣∣∣∣
= N
∣∣∣∣ n11 n12n21 n22
∣∣∣∣+ n21 + n12.
B.5. Bundle onstruted from periodi motion of states on the plane. A
natural question is : is it possible to generalize the theorem 3, for the periodi
motion of arbitrary states in L2(IR) rather than only oherent states?
There is a rst result:
Theorem 4. Let S : θ → |ψ(θ) >∈ L2(IR) for θ ∈ IR2 be an arbitrary mapping
suh that :
∀θ, |ψ(θ) > 6= 0(31)
|ψ(θ1 + 2π, θ2) >= T n11Q T n12P |ψ(θ) >
|ψ(θ1, θ2 + 2π) >= T n21Q T n22P |ψ(θ) > .
with (n11, n12, n21, n22) ∈ ZZ4 whih haraterizes the periodi motion of the states
|ψ(θ) > as θ is varied.
For a ontratible open subset U of Tθ, dene
|ψ˜(θ) >= Pθ1Pθ2(|ψ(θ) >) ∈ HT (θ).
Then if N ≥ 3, and for a generi map S, |ψ˜(θ) > gives a loal setion of a well
dened line bundle over Tθ, whih an be noted also S.
Proof. For every θ, the line bundle is dened by the vetor |ψ˜(θ) >. We have
therefore to hek that |ψ˜(θ) > 6= 0 , and that this line is periodi with respet to θ.
Beause the spae HT (θ) is N dimensional, the ondition |ψ˜(θ) >= 0 is N -
dimensional. As soon as N > 2, and for θ ∈ [0, 2π]2the ondition |ψ˜(θ) >= 0
annot be satised generially. Now
|ψ˜(θ1 + 2π, θ2) >= Pθ1+2π(|ψ(θ1 + 2π) >)
= Pθ1T
n11
Q T
n12
P |ψ(θ1) >
= exp(in11θ1) exp(in12θ2)|ψ˜(θ) > .
So |ψ˜(θ) > and |ψ˜(θ1 + a2π, θ2 + b2π) >are proportional and dene the same line
∀(a, b) ∈ ZZ2.
Theorem 5. Suppose that N ≥ 4. Let S : θ → |ψ(θ) >∈ L2(IR) be a generi
mapping as dened in theorem 4a. Then the Chern index of the line bundle S is
given by formula (30).
Proof. We note S0 = S, and S1 = Fz the line bundle dened in theorem 3. The proof
onsists in onstruting a homotopi deformation Sλ from S0 to S1 for λ ∈ [0, 1].
Beause the Chern index Cλ of Sλ is onstant, we therefore onlude that the Chern
index of S is given by formula (30).
For λ ∈ [0, 1], and θ ∈ IR2, dene
|ψλ(θ) >= λ|ψ(θ) > +(1− λ)|z(θ) >∈ L2(IR),
where |z(θ) > is a standard oherent state on the plane, z(θ) = qθ + ipθ, with qθ, pθ
given by eq. (29). We suppose moreover that the phases are hosen suh that eq.
(31) holds for |z(θ) > and |ψ(θ) >.
Then |ψλ(θ) >= 0 if and only if λ = 1/2 and |ψ(θ) >= −|z(θ) >. This last
situation is non generi, and if it ours, we an just hoose z(θ) = (qθ + q0) +
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i(pθ + p0) with arbitrary q0, p0 to avoid this. So Sλ : θ → |ψλ(θ) >∈ L2(IR) fullls
theorem 4, and denes a line bundle for every λ. Beause there are three parameters
θ1, θ2, λ we have to suppose now that N ≥ 4 so that |ψ˜(θ) > 6= 0.
B.6. Bundle onstruted from a periodi motion on the ylinder. In se-
tion 4, we obtain the periodi motion of quasi-modes on the ylinder Cqp phase-
spae. A slightly dierent result than theorem 5 is then needed:
Theorem 6. Suppose N ≥ 4, and let
θ2 ∈ IR→ |ψC(θ2) >∈ HC(θ2),
be a generi ontinuous mapping suh that
∀θ2 ∈ IR, |ψC(θ2) > 6= 0,
|ψC(θ2 + 2π) >= T IQ|ψC(θ2) >,
with I ∈ ZZ.
For θ = (θ1, θ2) dene
|ψ˜(θ) >= Pθ1 |ψC(θ2) >∈ HT (θ).
Then θ → |ψ˜(θ) >∈ HT (θ) is a loal setion of a well dened line bundle over Tθ,
with Chern index I.
Proof. The proof is similar to that of theorem 5.
The bundle is well dened beause, rst |ψ˜(θ) >= 0 needs N onditions, generi-
ally not realized for arbitrary θ1, θ2 ∈ [0, 2π], as soon as N > 2.
Seondly, |ψ˜(θ) > and |ψ˜(θ1+a2π, θ2+b2π) >= Pθ1T IbQ |ψC(θ2) >= exp(iIbθ1)|ψ˜(θ) >
are proportional and dene therefore the same line.
In order to alulate the Chern index, onsider the mapping
θ2 ∈ IR → |z(θ2) >∈ L2(IR),
where |z(θ2) > is a standard oherent state on the plane, z(θ2) = qθ + ipθ, and
qθ = I.θ2
pθ = p0 = constant,
we an therefore onstrut |z(θ2)C >= Pθ2 |z(θ2) >∈ HC(θ2) and |z(θ1, θ2) >=
Pθ1 |z(θ2)C >∈ HT (θ).
From theorem 3, θ → |z(θ1, θ2) > dene a line bundle with Chern index n12 = I.
Consider now for λ ∈ [0, 1]
θ2 → |ψλ(θ2) >= λ|ψ(θ2) > +(1− λ)|z(θ2)C >∈ HC(θ2),
and
Sλ : θ = (θ1, θ2)→ |ψ˜λ(θ) >= Pθ1 |ψλ(θ2) >∈ HT (θ).
Then for xed λ, Sλ dene a line bundle over Tθ, beause |ψ˜λ(θ) >= 0 nor |ψλ(θ) >=
0 are generi (f disussion in proof of theorem 5), and there is also periodiity with
respet to θ.
The mapping λ → Sλ is a homotopi deformation from the line bundle θ →
|ψ˜(θ) > to the line bundle θ → |z(θ1, θ2) >. Their Chern index is onstant and
equal to I.
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